This paper investigates a relationship between inkdot and one-pebble for two-dimensional finite automata (2-fa's). Especially we show that (1) alternating inkdot 2-fa's are more powerful than nondeterministic one-pebble 2-fa's, and (2) there is a set accepted by an alternating inkdot 2-fa, but not accepted by any alternating one-pebble 2-fa with only universal states.
Introduction
Related to the historical open problem of whether deterministic and nondeterministic space (especially lower-level) complexity classes are separated, Ranjan et al. [6] introduced inkdot Turing machines. An inkdot Turing machine is a conventional Turing machine capable of dropping an inkdot on a given input tape for a landmark, but unable to further pick it up. It was shown in [6] that nondeterministic inkdot Turing machines are more powerful than nondeterministic ordinary Turing machines for spaces between log log n and o(log n), and deterministic inkdot Turing machines have the same accepting power as deterministic ordinary Turing machines for any space bound. Ito et al. [5] , on the other hand, introduced inkdot two-dimensional finite automata, which are conventional two-dimensional finite automata (2-fa's) [4] capable of dropping an inkdot on a given two-dimensional input tape, and showed, for example, that (i) alternating (resp., nondeterministic) inkdot 2-fa's are more powerful than ordinary alternating (resp., nondeterministic) 2-fa's, (ii) deterministic inkdot 2-fa's have the same accepting power as ordinary deterministic 2-fa's, (iii) nondeterministic (resp., deterministic) inkdot 2-fa's are less powerful than nondeterministic (resp., deterministic) onepebble 2-fa's, which were introduced by Blum and Hewitt [1] . See Sect. 3 below for more detailed known and related results concerning inkdot and one-pebble 2-fa's. (See [1] , [2] , [6] - [8] for another results concerning inkdot and pebble machines.) Let AIFA denote the class of sets of two-dimensional tapes accepted by alternating inkdot 2-fa's, and let APFA (resp., NPFA, UPFA) denote the class of sets of twodimensional tapes accepted by alternating one-pebble 2-fa's (resp., nondeterministic one-pebble 2-fa's, alternating onepebble 2-fa's with only universal states). It is shown in [5] that NPFA is a subset of AIFA, but it is unknown whether NPFA is properly contained in AIFA. One main purpose of this paper is to solve this problem, and show, in Sect. 4 , that NPFA is a proper subclass of AIFA. Another purpose of this paper is to investigate a relationship between UPFA and AIFA, and show, in Sect. 5, that there is a set in AIFA, but not in UPFA. As a corollary of this result, we have a new result that APFA propely contains UPFA. Section 6 concludes this paper by giving open problems.
Definitions and Notations
Let Σ be a finite set of symbols. A two-dimensional tape over Σ is a two-dimensional rectangular array of elements of Σ. The set of all two-dimensional tapes over Σ is denoted by Σ (2) . Given a tape x in Σ (2) , we let l 1 (x) be the number of rows of x, and l 2 (x) be the number of columns of x. For each m, n ≥ 1, let
, as the two-dimensional tape z satisfying the following:
For any two two-dimensional tapes x and y with l 1 (x) = l 1 (y), we denote by xy the two-dimensional tape obtained by concatenating y to the right of x. Below, We denote a two-dimensional finite automaton by 2-fa. An alternating 2-fa [4] is a sixtuple M = (Q, q 0 , U, F, Σ, δ), where (1) Q is a finite set of states, (2) q 0 ∈ Q is the initial state, (3) U ⊆ Q is the set of universal states, (4) F ⊆ Q is the set of accepting states, (5) Σ is a finite input alphabet ( Σ is the boundary symbol), and (6) δ ⊆ (Q × (Σ ∪ { })) × (Q × {left,right,up,down,no move}) is the next-move relation. A state q in Q-U is said to be existential. As shown in Fig. 1 , the machine M has a readonly rectangular input tape with boundary symbols , and a finite control. A position is assigned to each cell of the input tape as shown in Fig. 1 .
At each moment, the machine M is in one of the states. A step of M consists of reading the symbol currently under the input head, changing its state, and moving the input head in specified direction (left, right, up, down, or no move) which is determined by the next-move relation δ. If the input head falls off the input tape, then M can make no further move.
A con f iguration of an alternating 2-fa M on an input
, is a position of the input head, and q is a state of the finite control. If q is the state associated with configuration c, then c is said to be universal (existential, accepting) configuration if q is a universal (existential, accepting) state. The initial configuration of M on input x is I M (x) = ((1, 1), q 0 ). For each input tape x, we write c M,x c , and say that c is an immediate successor of c (of M on x), if configuration c is derived from configuration c in one step of M on x according to the next-move relation. A configuration with no immediate successor is called a halting configuration. Below, we assume that every accepting configuration is a halting configuration.
We can view the computation of M as a tree whose nodes are labelled by configurations. A computation tree of M on an input tape x is a tree whose nodes are labelled by configurations of M on x. The root of the tree is labelled by the initial configuration I M (x); the children of any node labelled by a universal configuration are all the immediate successors of that configuration on x; and any node labelled by an existential configuration has one child, which is labelled by one of the immediate successors of that configuration on x (provided there are any). An accepting computation tree of M on x is a computation tree of M on x whose leaves are all labelled by accepting configurations. We say that M accepts x if there is an acceptint computation tree of M on input x. Define T (M) = {x ∈ Σ (2) |M accepts x}. An alternating one-pebble 2-fa [5] is an alternating 2-fa with the capability of using one-pebble which the finite control can use as a marker on the input tape. During the computation, the device can deposit (retrieve) a pebble on (from) any cell of the tape. The action of the machine depends on the current state of the finite control, the currently scanned input tape symbol, and on the presence of the pebble on the current input tape cell. The action consists of moving the input head, changing the state of the finite control, and picking up or placing the pebble on the currently scanned cell of the input tape. A configuration of an alternating one-pebble 2-fa M on an input tape x is of the form ((i, j), pebble-position, q), where (i, j) is the input head position, pebble-position is the position of the pebble on x (let pebble-position be "no" if the pebble is not placed on the input tape x), and component q represents a state of the finite control. The initial configuration of M on x is ( (1, 1) , no, q 0 ), where q 0 is the initial state of M. That is, the machine M starts with the pebble in the finite control and with the input head on the upper-leftmost corner of the input tape. An accepting computation tree of M on an input tape is defined as in the case of an alternating 2-fa. We say that M accepts an input tape x if there is an accepting computation tree of M on x. By T (M), we denote the set of all the two-dimensional tapes accepted by M.
An alternating inkdot 2-fa [5] is an alternating 2-fa capable of dropping an inkdot on a given input tape for a landmark, but unable to further pick it up. That is, an alternating inkdot 2-fa is an alternating one-pebble 2-fa which cannot pick up the pebble again, once it has put down the pebble on a given input tape. See [5] for the formal definitions of alternating one-pebble and inkdot 2-fa's.
A nondeterministic 2-fa is an alternating 2-fa which has no universal states, and a deterministic 2-fa is an alternating 2-fa whose configurations each have at most one immediate successor. Nondeterminism and determinism for one-pebble and inkdot 2-fa's are defined similarly.
By AFA (resp., NFA, DFA, APFA, NPFA, DPFA, AIFA, NIFA, DIFA), we denote the class of sets of twodimensional tapes accepted by alternating (resp., nondeterministic, deterministic, alternating one-pebble, nondeterministic one-pebble, deterministic one-pebble, alternating inkdot, nondeterministic inkdot, deterministic inkdot) 2-fa's. Furthermore, by UFA (resp., UPFA, UIFA), we denote the class of sets of two-dimensional tapes accepted by alternating (resp. alternating one-pebble, alternating inkdot) 2-fa's with only universal states.
Let M be an alternating one-pebble (inkdot) 2-fa, and x be an input tape. A sequence of configurations
For simplicity, we below call a computation path a computation. For any set S , |S | denotes the cardinality of S .
Known Results and Related Results
This section surveys known results and related results in [3] , [5] concerning inkdot and pebble 2-fa's.
The following result in [5] shows a relationship among the accepting powers of 2-fa's, inkdot 2-fa's, and one-pebble 2-fa's. Theorem 3.1. [5] .
It is unknown whether AIFA ⊂ APFA. What are the relationships between NIFA and DPFA, and between UIFA and DPFA ? The following theorem answers this question: Theorem 3.2.
(1) NIFA is incomparable with DPFA, and (2) UIFA is incomparable with DPFA.
Proof.
Let
, the top half of x is the same as the bottom half of x)]}, and
, the first row of x s the same as the i-th row of x]]}. It is shown in [5] that the complement of T 1 is in NIFA, T 1 ∈ UIFA, and T 2 NIFA ∪ UIFA. Furthermore, it is shown in [3] that T 2 ∈ DPFA. By using the same idea as in the proof of Theorem 4.1 in [3] , we can show that the complement of T 1 is not in DPFA. From these observations, the theorem follows.
In Sect. 4 (resp., Sect. 5), we investigate a relationship between NPFA and AIFA (resp., UPFA and AIFA). It is unknown what are the relationships between NIFA and UPFA, and between UIFA and NPFA.
The following result in [5] shows a relationship among the accepting powers of determinism, nondeterminism, alternation, and alternation with only universal states for inkdot 2-fa's. Theorem 3.3. [5] .
(1) DIFA ⊂ NIFA ⊂ AIFA, and (2) DIFA ⊂ UIFA ⊂ AIFA. A relationship between NIFA and UIFA is shown in the following theorem: Theorem 3.4. NIFA is incomparable with UIFA. Proof. Let T 1 be the set described in the proof of Theorem 3.2. It is implicitely shown in [5] that T 1 ∈ UIFA − NIFA, and the complement of T 1 is in NIFA, but not in UIFA. From this fact, the theorem follows. As shown in the following result in [3] , also for one-pebble 2-fa's, alternation is better than nondeterminism, which is better than determinism. Theorem 3.5. [3] . DPFA ⊂ NPFA ⊂ APFA. As a corollary of the main result in Sect. 5, we have "DPFA ⊂ UPFA ⊂ APFA." We conjecture that NPFA is incomparable with UPFA, but we have no proof of this conjecture.
Alternating Inkdot Versus Nondeterministic OnePebble
This section shows that alternating inkdot is better than nondeterministic one-pebble for 2-fa's. Theorem 4.1. NPFA ⊂ AIFA. Proof. It is shown in [5] that NPFA ⊆ AIFA. To prove the theorem, we below show that AIFA − NPFA φ. For each
Proof of (1) : T 3 is accepted by an alternating inkdot 2-fa M which acts as follows. Suppose that an input tape Proof of (2). The proof borrows an idea in the proof of Theorem 4.1 in [3] . We suppose to the contrary that a nondeterministic one-pebble 2-fa M accepts T 3 . Let Q be the set of states of the finite control of M. We divide Q into two disjoint subsets Q + and Q − which corresponds to the sets of states when M holds and does not hold the pebble in the finite control, respectively. M starts from the initial state in Q + with the input head on the upper-leftmost symbol of an input tape. We assume without loss of generality that M satisfies the following condition (A): • cross(comp(x 1 x 2 )) = the sequence of pairs of (i) states and (ii) cross-points of the input head when M crosses the boundary between x 1 (#) and x 2 (#) from left to right or from right to left in comp(x 1 x 2 ), and • pebble-cross(comp(x 1 x 2 )) = the sequence of pairs of (i) states (in Q + ) and (ii) cross-points of the input head when M crosses the boundary between x 1 (#) and x 2 (#) with the pebble in the finite control from left to right or from right to left in comp(x 1 x 2 ). 1 x 2 ) ) is a subsequence of cross(comp (x 1 x 2 ) ).
Of course, pebble-cross(comp(x
For each x ∈ P(m), xx is in T 3 , and so it must be accepted by M. Therefore, there exists an accepting computation of M on xx. Let "accomp(xx)" be such a fixed loop-free accepting computation of M on xx. Since pebble-cross(accomp(xx)) is loop-free, it follows that pebble-cross(accomp(xx)) is such that the same pair of (i) a state (in Q + ) and (ii) a cross-point of the input head appears at most twice (one is with M crossing the boundary between the left x(#) and the right x(#) from left to right (or from right to left), and the other is with M crossing the boundary from right to left (or from left to right) in pebble-cross(accomp(xx)). Therefore, the length of pebble-cross(accomp(xx)) is bounded by 2|Q + |(m + 2). For each m 1, let PEBBLE-CROS S (m) = {pebble-cross(accomp(xx))|x ∈ P(m)}. From the observation above, it follows that
By a simple calculation, it follows from inequalities (1) and (2) that for large m, we have |P(m)| |PEBBLE-CROS S (m)|. Thus, there must be two different tapes x and y in P(m) such that pebble-cross(accomp(xx)) = pebble-cross(accomp(yy)). From condition (A) mentioned above, we can assume without loss of generality that for some odd number k ≥ 1, (A similar idea is used in the proof of Lemma 4.1 in [3] .) Therefore, xy would be also accepted by M. This contradicts the fact that xy is not in T 3 . This completes the proof of (2).
UPFA Versus AIFA
This section investigates a relationship between UPFA and AIFA.
Here is some preliminary. Let M be an alternating onepebble 2-fa with only universal states, and let c 1 c 2 . . . c m (m ≥ 1) be a computation of M on an input tape x. Then, this computation is called: 
Proof of (1):
The proof is almost the same as the proof of (1) in the proof of Theorem 4.1. The only difference is to check that x i (r, s) x m+i (r, s) for some i, r, s (1 ≤ i, r, s ≤ m). This check can be done by using a process similar to process P i (r, s) in the proof of (1) in the proof of Theorem 4.1. The details are omitted here.
Proof of (2):
The proof is essentially similar to the proof of (2) in the proof of Theorem 4.1, where we derived a contradiction by constructing an accepting computation on xy T 3 by combining accepting computations on xx and yy. We suppose to the contrary that there is an alternating one-pebble 2-fa with only universal states M which accepts T 4 . Here, we derive a contradiction by constructing a rejecting computation (defined above) of M on xy ∈ T 4 by combining rejecting computations of M on xx and yy (where x, y ∈ V(m) for large m). Let Q be the set of states of the finite control of M, and Q + and Q − be defined as in the proof of Theorem 4. (m) ) to M, and let #x (resp., x#) be the tape obtained from x by attaching the boundary symbols # to the left, upper and lower (resp., right, upper and lower) sides. That is, for example, #x is a two-dimensional tape over {0, 1, 2, #} such that
, and #x(r, 1) = # for each r (1 ≤ r ≤ m + 2). Note that, from the above condition (B), both the entrance points to #x (resp., x#) and the exit points from #x (resp., x#) are the right (resp., left) side of #x (resp.,
For other cases, a similar idea is used to derive a contradiction. Note that for each w ∈ {x, y}, 
Note that the M-equivalence of x and y implies the following: Clearly, this comp(xy) forces the input xy to be rejected by M, which contradicts the fact that xy is in T 4 . This completes the proof of (2). Unfortunately, it is unknown whether UPFA ⊂ AIFA. From Theorem 5.1, we get the following corollary: Corollary 5.1. UPFA ⊂ APFA. Figure 2 shows the inclusion relationship obtained in [3] , [5] and in this paper. The bold lines indicate the proper inclusions, and the dotted lines indicate the incomparable relationships.
Conclusion
We conclude this paper by posing several open problems.
(1) AIFA ⊂ APFA ? (2) What are the relationships between NIFA and UPFA and between UIFA and NPFA ? (3) Is NPFA incomparable with UPFA ? (4) UPFA ⊂ AIFA ?
